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1 Introduction

This project presents the determinations of the rapidity dependence of the
thermal parameters (7', us, p15, ptg). We start by using a statistical thermal
model [1] that has been extensively used in reconstructing and predicting
particle yields from relativistic heavy ion collisions, it has provided us with
the interdepence of the thermal parameters and has been verified to give
good results [2]. We use the data obtained at the Relativistic Heavy Ion
Collider (RHIC) at the Brookhaven National Laboratory. The data was
taken from the gold on gold collisions in the Broad RAnge Hadron Magnetic
Spectrometers (BRAHMS) experiment [3] at /syy = 200 GeV. We fit our
model to these data to determine the temperature and chemical potentials’
dependence on the rapidity of the fireball. In particular, we use numerical
integration of momentum distributions to calculate the rapidity distributions
instead of using Monte Carlo simulations.

The situation that we are working with is the head to head collision of two
nuclei; Au - Au in our case. We assume that there is a perfect overlap of the
two nuclei to simplify the analysis. Since the nuclei have been accelerated to
200 GeV (as seen in the centre of mass frame) they are travelling at speeds
very close to ¢ (v & 0.99999¢). Once these Lorentz contracted nuclei collide
they are excited and the nucleons start interacting.

As the fireball starts expanding and cooling hadrons are produced. Ini-
tially inelastic collisions will occur between the formed hadrons until the
system cools sufficiently for the inelastic cross-sections to become negligible.
This is known as chemical freeze-out. From there elastic collisions will con-
tinue, redistributing the particles, until the system has cooled far enough for
this to cease, this is known as thermal freeze-out. Once both of these have
occured chemical equilibrium and thermal equilibrium is reached. The situa-
tion after freeze-out (i.e. at equilibrium) is then analyzed using the statistical
thermal model.

2 Model

The thermal model describes the system of decaying and interacting hadrons.
It has been used to describe the abundances of different particles as well



as their momemtum distributions and rapidity distributions. The model
thermal model that we employ follows similar assumptions to the Broniowski-
Florkowski model. The only difference being the treatment of the expansion
of the fireball. These assumptions are described below.

It is an assumption of the model that chemical and thermal freeze-out
occur at the same temperature. What this means is that the system stops
interacting completely and has reached equilibrium at a single temperature
T. Broniowski et al. argued that there is a very short time between the two
freeze-outs (=~ 4 fm/c) [4].

The model has built into it also the full treatment of particles arising as
decay products from multiple-body decays. This is done following the pro-
cedures first done by Schnedermann et al. in [5] and furthered by Yu et al
in [6].The PDG datebase [7] is used to compute the abundancies of particles
arising from the two and three body decays listed. These calculations are de-
scribed in the sections below. In this project we have omitted the cascading
decays (sequential decays) and resonance decays into four or more particles.
This can be done since there are very few of them and they contribute very
little to the rapidity spectra.

In general the model also includes the expansion of the fireball, which
is known as the flow. This comes from the large momenta of the colliding
nuclei that gets transferred to the hadrons in the fireball. In this project the
flow is approximated by a distribution of superimposed fireballs at different
rapidities. This distribution of fireballs is assumed to have a gaussian shape
from the shape of the rapidity spectra produced at RHIC. It is decribed in
more detail in sections below.

2.1 Momentum Distributions

The statistical model gives us that the number of particles for a species i is
given as:

d’p;

i 1
(271')3f (p) (1)
Where f;(p) is the distribution function relevant to the statistics (i.e. Boltz-
mann, Bose-Einstein or Fermi-Dirac), g; is the degeneracy factor, V' the
volume and p; the 3-momentum. From this model we get that the Lorentz
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invariant momentum spectra of particle ¢ (using Boltzmann statistics) is
given as:

idNi _ gV B/ T el T (2)
d*p  (2m)?

This distribution, however, only represents the distribution of the 'primor-
dial” particles, i.e. not those that have resulted from decays of resonances.
Thus the inclusion of resonance decays must also be made. This inclusion
contributes significantly to the model as it can be seen from [4] that only
about a quarter of the pion yield in the experiment is accounted for from
the "primordial” distribution. Following from the work of [8] and [6] we can
include the momentum distributions coming from two and three body res-
onance decays. From their results we made an assumption of zero particle
widths, which allowed us to proceed slightly further than what they have in
integrating the momentum distributions. We proceed by giving a derivation
of their results as they were used in our model.

2.1.1 Two Body Decays

We first take a look at the case of two body decays using an example of the
Delta decaying into a pion and a nucleon:

A — 1+ N. (3)

We can derive the following relation between the 4-momenta of the particles:
ph = D+, (

Pa—DPh = P (5
(pa —p:) = pn% (
PA® = 2papa +pa’ = DN (

If the A was at rest (ja = 0) then we get that:
mix — 2Egma +m2 = mj. (8)

Then by rearranging the above equation we can solve for the pion energy,
Ey, from a stationary A decay:

mA +m2 —m3
E(]: .

(9)

QmA
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If A is decaying then we are left with one nucleon and one pion. Thus the
number of pions given by N, must be

d*p dN.
N. :/ " (g ST} . 10
ﬂ ( di”pﬂ) (10)

E
From this equation we can solve for the momentum distribution, and we
know from equation (9) that the energy of pion in this distribution must be
given by Ey. Thus:

AN,  §(E, — Ey)
depﬂ' B 47Tp0 '

(11)

The momentum of the pion py is fixed by the energy FEjy:

po = JE:—m2. (12)

Equation (11) corresponds to the momentum distribution of 7 coming
from A decays. For the total momentum distribution we must include the
distribution of A’s. The distribution of A’s is given by equation (1). Multi-
plying this in to equation (11) we get:

dN, d*pa S (E, — Ey)
o / ~(Ba-p)/r O\ Lm — Fo) 1
#p, 2V 47po (13)

If the A is not at rest then the energy of the pion (E,) must be boosted.
Following similar steps as in equations (4) to (9) it becomes:

mop o PA-p.  EAE,
DA™ " Pr” _ PA-Pr BA ' (14)

ma ma ma

E, =

Substituting this into equation (13) gives us the momentum distribution of
pions coming from delta decays:

3 PAPr
B dN, _ AV/ d’pa o~ (Ba—p)/T 5( ma EO)‘ (15)
d*pr (2m)? Ampo

With a bit of work this can be integrated. First we change from cartesian to
spherical co-ordinates:

d3pA = pAdeAd(COS ‘9)d¢ (16)



We also note that from Ea = /pa? + ma? we get that padpa = EadEA.
Thus the change to spherical co-ordinates uses

d’pa = paEadEad(cos 0)dg. (17)

Using this in equation (15) we can integrate with respect to the azimuthal
angle to get the momentum distribution as:

E dN, _ gaV 1 /pAEAdEA —(Ea—p)/T MA
" d3p, (2m)3 47T DPADx
EAE, E
X / J [COS@ _CAZn, A 01 d(cos ). (18)
-1 PAPr pApﬂ

To proceed from here we need to use the relation [dzd(z—a)f(z) = f(a).
We can then integrate with respect to cos(f) to get:

dN, V 1
Eﬂd?’ gA /EAdEAe (Ba—w)/T A (19)
pw PoPr

It is important to note that this expression must still be evaluated between
the limits of cosf = +1; this will be done shortly. First we carry out the
remaining integral over Ea to get:

ﬂdNn _ gaV l ma [_EATef(EAfu)/T _ T2~ (Ea—w)/T cos f=+1 ‘ (20)
dgpﬂ' (27T)3 2p0p7f cos 0=—1
The limits on cos @ give us the following:
—1 <cosf <1,
_1 < EaEr — makEg <
PADT PAPT
— £ papr < EaEr —makEp < ipApﬂ
—pa’pr’ < Ex"Er” — 2ExErEgma +ma®Ey* <pa’p. (21)

but Exn = v/pa? + ma? and thus we get the following equation from which
we can calculate the limits of the integration:

Ex’my® = 2BaE,Eyma +ma® (Ey’ + ps”) = 0. (22)

This is a quadratic equation in £o whose solution is:

E,rEomA + \/E%Egmi — (E02 +p7|'2) mim%

2
2mz

Ep\*t = (23)



Equation (20) must be evaluated between Ex* and multiplied by b, the prob-
ability for the A to decay into the m and N (i.e. the branching ratio ba ... ).

To generalise this example we give the case of some resonance R decaying
as R — 1+ 2. Hence A gets replaced by R, m by 1 and N by 2. The final
result for the momentum distribution of two body decays is:

dN, gr MR Eg

Ex d*py B b167r3 Pop1 KERT - T2) G_ER/Teﬂ/T} B (24)
Where:
. B \/Engmg% — (Bo? + pi2) mim3
W - o e
B - m3 +2777§R— m§7 (26)
po = \E§—mi. (27)

This agrees with the results given by J. Kapusta in [§]

2.1.2 Three Body Decays

The three body decays are, unsurprisingly, more complicated. We start by
looking at decays into N bodies.

R—1+4+24---+N. (28)

For N body decays we have that the momentum distribution is as follows:

dN Bpr dNg ary
JoNch / E B 2
iy Ep < "dpr) T dPpy (29)

This generalizes equation (13) of the two body decays to N body decays. Here
['; is the number of 1’s coming from R decays and Eljg,—rll is the momentum
distribution of particle 1 coming from R decay. As before, working with a
Boltzmann distribution, we have that:

dNr _ grV —Er/T ,u)T
"By amp )
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and:

ar, J Y, ‘fjé’ & (pR -, pj)
d’p / Hi]L d;—g o (pR - Z;Vd Pj)

In the equation the numerator is the same as the denominator, sans the first
factor where ¢ = 1. Thus we define:

dgpi N
Ry(pr®, -+, pn°) = /H BYoR 5 (pR — ij) ) (32)

2F,

(31)

and:
d*p; al
RN—l((pR —p1)2,p22, T >pN2) = /H % & ((pR —pl) - ij) . (33)
i j=2

The numerator of equation (31) is then given by equation (33) and the de-
nominator by (32). Combining equations (32) and (33) we get a relation
between the numerator and denominator that we will investigate further:

d3p
RN(pR2,p12, s ,pNQ) = Q—EllRN—l((PR - P1)2,P22> T ,PN2)- (34)

Thus there is a recurrence relation between Ry and Ry_; which we can use
to do the integrals in equation (31). We first define:

W?=(pr—p1)° = (p2+p3+-+pn)* (35)

Using this in equation (33) gives us:

d3p2

3
Ry 1(pw?,p2®, -+, pn*) = | 2F, "'%54(]914/ —p2—-—pn). (36)

For the case where N = 3 we have four particles with 4-momenta: pk, p{', p§,
p4 and the above equation becomes:

3 3
Ry (pr*,pr*, ply) = | SE-SE%6* (pr — p1 — pw) - (37)

To find the momentum distribution of the decay product 1 we need to
solve the integrals in equation (31). To do this we will proceed by deriving a
formula for Ry from the two equations above. Using some foresight we solve
the following integral:

I = /dW?Rz(pﬁ,p22,pw2)RN71(pw2,p22,--~,pzv2)7

9



d3 3
/dWZ/ﬂ pw54 (pr — D1 —DPW),

; 25, 2Ew
d b2 d? PN 4
Tp2  [CPN g — o).
SF, SEx (pw — p2 — PN) (38)

To proceed, we need the following:
[ vty stow? = wHewh) = [ s (4 — i 2 = W) ©(iy),
1
— 0 0 0 — 0 _
— /dpw@(Pw) {W {5 (pW —w  + W2> +0 (pW /w2 W2>]} ,
1 1

(39)

N 2Vpw 2+ W? T 2By

Using the above result in equation (38) we proceed to calculate I.

d3
I = /dW2 il /d4pw S(pw? — W8 (pr — 11 — pw)

, 2F,
d°py d?’pN 4
ez YPNs e e 4
SE, SEn (pw — p2 PN), (40)
. /dwz [dn i don
2F, 2F, 2EN
pr—p1—p2— - —pn)0 ((pr — p1)* = W?) (41)
d3P1 d3P2 ngN
S pp —1y — Py — - - - — .
/2E1 S5, TR (pr — P1 — Do PN) (42)

If we compare the above equation to the equation for Ry (equation (32)),
we see that they are identical. Hence the formula for Ry is:

RN (p??np%? e >p?\7) = /dWQRQ(p?%ap%ap%/l/)RNfl(p%/Vapga e >p?\7) (43)
In the case where N = 3 equation (43) becomes:
Ry (. vl 03,15) = /dWQRz(p%,pf,p%V)Rz(p%V,pi,pi)' (44)

To proceed any further, the equation above needs to be simplified. This is

done by calculating the integrals in Ry. We will do this as given in equation
(32) for N = 2.

d3p1 d? ap2
2 .2 2 _ 4 _ _
R2 (pR7p17p2) — /2E1 2E2 (pR P1 p?)a (45)

B d®py 4 2 2
= /Q—El/dm(s p2_m2)7

10



x & (pR P —p2) ) (46)

- d? P14 2 2

= 2, Py=ad [(pR—pl) —mQ}, (47)
d°p

= 2E1164 mp +mi — 2pr - p1 — } (48)

Note that the result is Lorentz invariant, thus we can choose any frame to
evaluate the integral. If we choose the rest frame of the decaying resonance
R and hence pr = 0.We continue with Rs:

dpl

By (phpins) = |5 35, m +mi = 2pp - p—m3, (49)
dp,p?d (cos 0
— /—p1p1 (cos )(54 [m% +m] — 2mpE; — mg} , (50)
2,
dElElpl 1 4 m%% + m% — m%

— 4 / 5 B, (51
"] T2E, 2mg 9mn i G

m|pi|
— . 52
. (52)

With [p}| being fixed by Ey = (m3 +m] —m3) /(2mg) and p] = E? —
(similar to the 2-body decays in the previous section). Thus R is as follows:

W\/(m% —m2 —m2)® — dmym,

Ry (ph 17.13) = o (53)
We define A(z,y, z) as
A(z,y, 2) = (x —y —2)° — dy=. (54)
Using this function in our equations for Ry and R3 we get:
Ry (pho0?.13) = ﬁké (m, mi,ms3) (55)
and
Rs (.0} 05.73) = 47T—22 dW;A% (m%. W2 m?)
myJ) W
X A2 (W{m%,m%) . (56)

11



It should be noted that Rj3 is only dependant on mpg,m;, mo and mg. These
values are all constant for a given decay and thus Rj is also a constant for
any given decay. Using the equations for R3 and R, that we have found we
can rewrite equation (31) as:

2
dF1 RQ ((pR - Pl) >p§>p§)
@pi Ry (p}pl.03.13)
This can then be substituted into the equation for the momentum distribu-
tion of particle 1 in the decays (equation (29)) to give:

L AN /d3pR <ERdNR> Ry ((pr = p1)* 13, 3)
AT
d*p Eg d*pr Rs (pk, p1, 03, P3)
1 / 3 dNR ™
= — [dp
2R3 Rdng 2(pr —p1)

and changing to spherical coordinates (as was done in the

previous sectlon “in equations (15) to (18)), equation (59) becomes:
dN gV PRER —Bp/T /T
e = (2n) 2175 /d (cos @) dpdEr——— o /T /T \3 (a: mg,m3)
(60)

The integration over ¢ leads to a factor of 2 while the integration of cos#
is not so simple. We first begin by changing the integration of cosf to an
integration over x, defined to be:

2k,

(57)

: (58)

2)‘% ((pR—pl) mg,mg) (59)

dNR

T =m%+m3 —2ErE| + 2prp; cosl = (pr — p1)2 ,
d(cosf) = 7%

2pRrp1°
The momentum distribution is thus given by:
Al dN - gV o« / o PrER ¢~Fr/T /T
2pRP1

d*py (2m)° 4Ry

[ o 2 () — ()]
gV 11

dx
= dEpEpe Er/Ter/T [ ZZ\/R. 61
327 Ry pl/ RERE ‘ x (61)

X

where R = 22 — 2z (m2 4+ m2) — (m% — m2)®. The final integral that we are
left to do takes the form:

I—/dx\/_ / m2+m3 / (mg—mg)Q/xc\lj%, (62)

12




and we will proceed to calculate it term by term. To start, R is rewritten in
a way that makes it easier to work with:

R=(@x—zy)(r—2_). (63)

where x, = (my 4+ m3)” and z_ = (my — ms)>.

This prompts a brief invesitgation into the limits for x used in the integral.
We have two sources for the limits: from cosf and from R > 0(which ensures
that /R is real). The limits on z that arise from the limits on cosé are
calculated below:

r—m%—mi+2ErE;

2prD1
m¥ +m; — 2ErEy — 2pppy < @ < my +m} — 2EREy + 2pgpr. (65)

—1 <cosf = < +1, (64)

If the right-hand side inequality is made as small as possible then we get that
z < (mgr —my)*. The other limit arises from the fact that = > 0 and R > 0.
This would be where x > x,. These sets of limits on  make the calculation
of the limits tricky, they can be summarized as:

Ty = min(Ti, Tmax), (66)
- = max(T_, Tmn), (67)
Tmax = (mp—m)?, (68)
Tmin = (mg +ms)?, (69)
Fr = mp+mi—2EEg £ 2pipp. (70)

With x4 being the limits of the integral given in equation (62).

We split the integral given in equation (62) into Iy, I and I3 with:

I = /d (VR). (71)

dx
b= |5 (72)
I, = / xdfﬁ‘ (73)

The calculation of I; follows:
L =VR|,, —VR|. = A2 (a:+,m§,m§) — A2 (a:_,m%,mg) . (74)

13



We can thus proceed with [ and start by expanding R:

[N

dv / dx
VR {12 —(zp+x )zt i+ (“T*)Q — (J:HZL)Q}

_ / dx
([p-ooge] - oty oo )
-/ ? — (75)
{[$ _ I+J2rl°—} _ (I+*4$—) }

Here it should be noted that x, —z_ = 4momg and
these in the equation above gives:

I — / dx . (76)

{le = (m3 +m3)]* — 4m3m3 |

SIS

TE¥2= — m3+m3. Using

N|=

Making a change of variable to y where:

y_x—m%+m@

, dxr = 2momsdy,
2m3m3

L= | {L (77)

yr -1}

leads to

Another change of variable:
dy

y = cosh z, dy = sinh zdz = 7 =
{y? — 1}z

z:1n<y+\/y2—1),

simplifies the integral. The integral I is thus given as:

I, = /dz:z,

1
x — (m3 +m3) N [xQ + (m3 + m%)2 — 2z (m3 4+ m3) — 4m3m3 |’

2,2
4msms

14



= In

2m2m3

ook ) (22 Belond )

2,2
dmsms

1
i)

Which must be evaluated between z; and x_ to complete the integral:

T 1 LT+ — (mg + m%) + /\% (x+,m§,m3)
=In
’ x—_(m%_}_m%)—i_/\% (x—7m27m3

.

2 2

)

We proceed to calculate I3 then, starting with a change of variable:

1 dx dt
r=-, —=——.
t T t
The integral I3 thus becomes:
dt 1 3
I; = —/ [ x++x)t+x+x_ ,

- —/dt 1—(x++x,)t+x+x,t2r ,

[N

I

L 1 /dt_t2—$++x_
L4+ T— T4

1 ]
t+ ,
I+I'_

o 1 /dttQ_er—ira:
/LT Ty

2
2.T+.T,

Ty + 2

2.T+.T,

o 1 /dt . Ty +x
/T T— 2 7

Here we note that:

1 x++x_ ° .
T4 20,2 B

Using this in (80) gives:

o= e /dt[(

) ()
+ —
T4T_ 2o 7

2 2
drjr_ —xl —xt —2x x_

2 2

4ot x”

2 2

—ry — vl +2r 7
2 2
4ot x”

2

(z4 —2-)

4a? a2

Y

Tyt ? Ty — X ?
20w 20w

15



(NI

__x++x )2

1 2x4x_
. T ralloEE)
NG 2\x+x :v+ T )

2$+$

—1| . (81

Changing variables again to y = (t - ‘g;j_’;_*) / (‘gg:;”_*) with dt = dy ‘g; —=,
will in turn give us I3 as follows:

1
I - /ﬁ 19
s T4+ T - [yQ _ 1]5

— —\/xi_xln(yﬂL\/yQi—l)- (82)

Which must be evaluated between the limits of integration. To do so we
first substitute x back into the equation. From the various substitutions and
changes of variable that we made we get:

2
, (3= md) —a(mg

2momsx
rytrx_ = Q(mg—i-mg),
Ty —x_ = 4moms,
v = (mi—m3).

Substituting these gives us that:

1
[(m% —m3)" — 2 (m3 — m3)” (m3 + m3) + 2% (m3 + m3)” — 4m%m§x21 i

Amim3a?

y?—1 =

Y

1
4 2 273
_ [(m%—mé) — 2z (m3 —my)” (m3 +my) + 2% (m5 — m3) 1

)

Amim3a?

[(m3 — m32) — 22 (m2 + m3) + 27

_ 2 9
N ‘mQ mg’ 2Momsx '
A2 (2, m2, m2
— ’mg_mg‘M, (83)

2momsx

Using the equations for y and /y? — 1 in (82) gives us:

2
Iy = — gy e m) _x(ngFmg)ng_mg‘)\? (z, m5, m3)
VT 4T 2momsx 2momsx

16



L[ ) = o (3 4 ) o — 3] X (o, )
= - n
|m3 — mj| 2maomgzx

Y

—In [(m3 — m3)” — z (m3 + m3) + [md — m3| A% (x, m3, m3)|

m3 — mj|

N In [z] In [2mams]

(84)

m3 —m3| ~ [m3 —mj|’

Now that we have I3 in terms of x we can evaluate it at its limits of integra-
tion. This gives:

2 1
[m3 —m3| | (md — m3)” — 2 (m3 +m3) + [m3 — m3| A% (z_, m3, m3)
1 €Ty
v@—manbl .

Using equations (74),(79) and (85) in equation (61) will then give us the final
result, which is summarised below.

For a resonance R decaying as R — 1 4+ 2 + 3 the momentum distribution
is given by:

0o
G_ER/TISM/T ER dER,
mpR

ok R 8 L
Y, 32m R3 pr

X+
X [(\/)\_Jf—\/)\_—) + ‘mg —mg}lnf
(m3 —m3)* — (m3 +m3) X+ +|md —m| VAT
(m3 —m3)* — (m3 +m3) X~ + [m3 —m3| VA~
—(m%%—m%)—i—X*—l—\/)\_”L] (86)
—(m3+m3) + X~ + VA ]

le gRV 11 /

2 2
— ‘mQ - m3’ In

— (mg + mg) In

Where we have that:

Ar = A (wi, m3, mg) (87)
ry = min(Z4, Tmax), (88)
r— = max(T_, Tmin), (89)
Tmax = (Mmp—my)?, (90)
Tmin = (mg +ms)?, (91)
Fy = mp+mi—2EEg £ 2pipp. (92)

17



To calculate the full momentum distribution for hadron ¢ we thus have to
sum over all two and three body decays containing i (the sets J, and J;
respectively).

dNZtotal dNiprimordial d jZfbody d ]Z'Sfbody
d3p = Li P +> B By +ZEij‘ (93)

jeJa JjeJs

E;

2.2 Rapidity Distributions

The rapidity distribution of the particles %(y) determine the rapidity de-
pendence of the thermal parameters. The transverse mass myg is defined

as:
my = \/m?*+ p2 + p2. (94)
Using the transverse mass and the rapidity y we give the momentum 4-vector:

p" = (my coshy, pg, py, mysinh y). (95)

Thus we have F = my cosh y which mean that EZT]\; = Efz% (mp,y, 1), where
1 is the chemical potential. The rapidity y can be calculated from:

Y -y
E = mT%, (96)
P = mTT? (97)
These two lead to: L B4
Pz
=—1 98
y=ghg—- (98)

With the understanding of the rapidity dependence on the energy E and
three-momentum p we can see than the momentum distribution can be writ-
ten as:

dN- dN-
Bt = ! , (99)
d*p  dympdmydo
From this we can determine the rapidity distribution:
dNy 2m oo (N
— = Ey——mpdmyd 100
dy /0 - 1d3p1 modmrdg ( )

18



To determine the final rapidity distribution we assume that we have a distri-
bution of fireballs given by p(yrp) with yrp being the rapidity of the fireball.
Taking a lead from experimental results we give this distribution the form of
a Gaussian distribution:

plyrp) = 1 exp<—y%—3>' (101)

\V2ro 202

The final rapidity ditribution of a hadron i is then calculated by integrat-
ing over all possible fireball rapidities:

dN? 00 dNi
- Ly — dyrp. 102
dy [m 1Y (?JFB) dy (y yFB) YrB ( )

The width, o, of the distribution thus also becomes an important param-
eter to determine.

2.3 Thermal Parameters

The chemical potential yu; takes care of the conserved quantities in the fire-
ball. Since we are at chemical equilibrium and are interested in strong inter-
action, the conserved quantities are the quantum numbers for charge, baryon
number, strangeness, charm, beauty, etc. In this project only the chemical
potentials for baryon number, charge and strangeness are taken into account.
Thus the chemical potential p; is written as:

wi = Bipig + Qipig + Sifts. (103)

This allows some fluctuation for each of the quantum numbers, but conserves
the average quantum numbers. This provides a very good approximation of
conserved quantities as the number of particles that we are dealing with is
very large. It is these chemical potentials along with the temperature that
are thermal parameters we are interested in finding the rapidity dependence
for. It is important to note that they are not independent. For each fireball,
the initial conditions will fix pg, g and T for a given pp. These relations
(between pp and the other thermal parameters) are already very well known
[9]. The relation between T and pp is shown in the plot given below.

The relation between the thermal parameters and a parameterisation of
the baryon chemical protential as:

kB =a+ bg%B? (104)

19



o2~ <E>/<N>=1.1 GeV
<E>/<N>=1.0 GeV

<0.15 |
2
)
> ]
&
5 0.1 —
Q.
5 _
|_

0.05

0 0.2 04 0.6 0.8 1
Mg (GeV)

Figure 1: Temperature vs. up us determined from heavy ion collisions at
different beam energies from Becattini & Cleymans in [2].

is thus used to calculate, for a given fireball rapidity, pg, T', s and pg
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3 Method

To calculate the rapidity distribution for a specific hadron, we needed to
know in what decays the hadron appears as a decay product. This means
that a list of resonance decays are needed along with their branching ratios.
A table was compiled from the data provided by the Particle Data Group
containing a list of resonances, their decays along with their branching ratios,
quantum numbers (Baryon number, Strangeness and Charge), degeneracies
and masses. This table then provided the database from which the rapidity
distribution of any particular particle could be calculated.

For a given set of parameters o, a and b and for a given rapidity y the
value of % can be calculated using equation (102). In the integral, the mo-
mentum distribution given in equation (93) is used and the fireball rapidity
yrp then determines pp from equation (104). The temperature and chemical
potentials were then determined using the relationships aboce. The integra-
tion was done numerically using Gaussian Quadrature with 15 integration
points.

The Minuit routine in the ROOT package from CERN was used to do

a x? minimization to determine which values of the parameters gave us the
best fit to the experimental rapidity distribution for a particular hadron.
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4 Results

We fitted three distributions of the BRAHMS experimental data: the p — p,
p/p and 7t rapidity distributions to the model with the parameters, a, b and
0. The c++ code for the project is attached in appendix A.

4.1 Pion Data

We fitted the pion distribution first since it was the most sensetive to ¢ and
the least sensetive to pp. This is because of the very large numbers of pions
that are produced and the fact that they’re not baryons. We also calculated
the number of pions in the fireball from the integration of the curve shown
below and found: N+ = 1698.

Pion Rapidity Distribution
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=] 2]
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=2} =2
100 L M i
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0 1 1 1 1 1 1 1 1 1
5 4 3 2 1 0 1 2 3 4 5
rapidity y

Figure 2: Fitted rapidity distribution to the 7© BRAHMS data

The fit produced the following values for the parameters:
e 0 =2.2236 + 0.0096
e a = 16.4466 + 0.0468 MeV
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e b=11.4330=£ 1.2351 MeV

4.2 Proton - Anti-Proton Data

The net proton distribution was also fitted. It was found to be a lot less
sensitive to o than the 7™ data. The graph of the results are presented
below. The integration of the curve gives us that N,_; = 98. We know that
from the initial conditions that this should be about twice the number of
protons in a gold nucleus, i.e. 158.

Proton - AntiProton Rapidity Distribution

15 T T T T T T T T R T
Experiment ——
Theory
14 - B
13 F :

1 SR

dN/dy

rapidity y
Figure 3: Fitted rapidity distribution to the p — p BRAHMS data

The fit to the net proton data produced:

e 0 =2.3071+0.2521

e a = 25.0535 + 3.7264 MeV

e b =10.9040 £ 1.1880 MeV
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4.3 Anti-Proton / Proton Data

The fit to the ratio of anti-protons to protons was also done. The results are
presented below:

AntiProton/Proton Rapidity Distribution
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Figure 4: Fitted rapidity distribution to the p/p BRAHMS data

The values for the fitted parameters were:
e 0 = 2.0887 %+ 0.5080

e a = 23.8008 £ 0.0180 MeV

e b =11.2428 4+ 0.0080 MeV

Combining these results produce the plots shown in figure (5).
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Rapidity Dependence of mu_B
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Figure 5: The resutls for the baryon chemical potential on rapidity. The
dependence of the other thermal parameters are determined in turn by their
dependence on pp shown in figure (1)

5 Conclusion

As can be seen from figures (2), (3) and (4), the model produced results that
fit the data very well. The summary of the parameters from the fits are given
in the table below. The insensitivity of the pion data to the baryon chemical
potential can be seen from low value of a along with the small error on it.
The a-values produced by the other two distributions are in agreement with
each other, but not with the pion value. Both the other parameters, o and
b, have agreement amongst the three distributions.
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Table 1: Comparison of fitted parameters

Distribution o a [MeV] b [MeV]
Value | Error | Value | Error | Value | Error
Net Protons | 2.3071 | 0.2521 | 25.0535 | 3.7264 | 10.9040 | 1.1880
Proton Ratio | 2.0887 | 0.5080 | 23.8008 | 0.0180 | 11.2428 | 0.0080
Pion 2.2236 | 0.0096 | 16.4466 | 0.0468 | 11.4330 | 1.2351

From the large errors on ¢ in the net proton and proton ratio distribu-
tions (11% and 24%) we can see that they are fairly insensitive to o. The
accurate fits to the experimental data show that the parameterisation of the
rapidity dependence of up used works well at the high RHIC energies and
should thus also do so for the even higher LHC energies.

To proceed further, more experimental data should be used to garner more
accurate parameters and to test the model properly for more energies. It
may also be worth looking to the incorporation of the tranverse flow into the
description, but this would be contrary to trying to find a simple description
of the situation. Other parameterisations of the rapidity dependece could
also be explored as well as different fireball distribuions along the rapidity
axis.

I would like to thank Professor Jean Cleymans with his help in this project
and for the oppertunity to work on his research.
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